Lecture 22 - Nov 25
Bridge Controller

2nd Refinement: Splitting Guards
2nd Ref.: Unprovable Sequent for INV
Adding an Invariant



Announcements/Reminders

e Todays class: notes template posted
e Lab4 released
e A reference paper for the tabular method (Lab4)



Bridge Controller: "Old” and "New” Events
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Bridge Controller: Guards of “old” Events 2nd Refinement

ML_out: A car exits mainland
(getting onto the bridge).

sets: COLOR

ch, ‘/ML_out ) M ﬁ\/em'
2
a=a+1

K’M(,S end
constants: red, green wup

axioms:

axm2_2: green + red

axm2_1: COLOR = {green, red}

# W— ’f-fn(’g IL_out: A car exits island
45-‘2 M (getting onto the bridge).

variables:
a,b,c
mi_t/
il_tl

invariants: 7/

mi_tl e COLOUR 4
il_te COLOUR
mi_tl=green=a+b<dArc=0
il.tl=green=b>0ra=0




Bridge Controller: Guards of "new” Events 2nd Refinement

4

b

ISLAND )

MAINLAND

sets: COLOR

constants:

red, green

axioms:

axm2_1: COLOR = {green, red}

axm2_2: green + red

ML_tl_green:

turn the traffic light ml_tl to green

ML_tl_green
N
the
mi_tl := green
end

L7

0y ml-t4 = val

&) f*éq{
t=0

IL_tl_green:

variables:
a,b,c
mi_tl
il_tl

invariants:

inv2_1:
inv2_2:
inv2.3:
inv2.4:

mi_tl e COLOUR
il_tle COLOUR

ml_tl=green=a+b<dArc=0

iltl=green=b>0nra=0

turn the traffic light il_tl to green

IL_tl_green

il_tl := green
end
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PO/VC Rule of Invariant Preservation: Sequents

Abstract m1
variables: a,b,c ML out IL_out
when when
invariants: a+b<d b g
invii1:a¢eN c=0 ha—
invi2:beN then by
invi3:ceN SO B
invid: a+b+c=n end Ci=C+
invi5: a=0vc=0 ong
Concrete m2
variables: ML out IL_out
i when "
B} N il_tl = green
il mi_tl = green then
then B ]
invariants: | a=a+1 \ ci=c+1
inv2_1: m/_tl ¢« COLOUR en end
inv22: il e COLOUR [k 2 O
inv23: ml tl=green=a+b<dnrc=0
inv2.4: iltl - green=b>0 A(a)- 0

Exercise: Specify IL_out/inv2_3/INV

A(c)
I(c, V)
J(c,v,w)

H(c, w)
Ji(c,E(c,v),F(c,w))

ML_out/inv2_4/INV

axm01 { deN
axm02 { d>0
axm2.1 { COLOUR = {green, red}
axm22 { green=+red
inv0_1 } neN

inv0_2 n<d

inv1_1 aeN

invi_2 beN

invl 3 ceN

invi 4 a+b+c=n

invl 5 a=0vec=0

inv2_ 1 ml_tl e COLOUR

inv2 2 % il t e COLOUR

inv23 { mi_ti=green=a+b<dnrc=0
inv24 { il.tl=green=b>0ra=0

Concrete guards of ML_out { mi_tl = green /
-
{ ilti=green=b>0A(a+ 1)-0

Concrete invariant inv2_4
with ML_out’s effect in the post-state



Example Inference Rules

| Medss o
HPP=a+ R




Discharging POs of m2:

Invariant Preservation

—

deN

a>o0

COLOUR = {green, red}

green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

mi_tle COLOUR

il tle COLOUR
ml_tl=green=a+b<drc=0
il-tH=green=b>0Ara=0
mi_tl = green

i
il_tI=green=b>0A(a+1)=0

ML_out/inv2_4/INV

M@/ﬁ)n

MON

green + red
il -t/ =green=b>0ra=0
ml_tl = green

&
il'tl=gree>)b >0 A (a+1) =0

IMP

First Attempt

w2 ved
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4 = ¥, i
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grert

NZ_3:

we_ 4« -ﬁﬂ"‘s a;‘( NNB«

H+P Hr Q H,P,Q+ R
ANDR fj§l—————— ANDL

H+ PAQ HPAQF R

HP,Q+ R H,P+ Q
IMPLJ§l————— IMPR

HP,P=>Q+ R Hr P=>Q

0«

A (-
b,fh /'vp ?fé".

,jHS

EXe,
green + red green + red
il_tl = greel >0Aa=0 | b>0Aa=0
mi_tl = green mi_tl = green
il_tl = green 'ﬂp_‘ il _tl = green RND L
- -
b>0A(a+1)=0 b>0A(a+1)=0

green + red
b>0
a=0
mi_tl = green |H
green + red il _tl = green
b>0 =
a=0 b>0
ml_tl = green AND R
il tl = green green + red
= b>0
b>0A(a+1)=0 a=0 EQLR
r_nl,t/ =green | “uoN :
il _tl = green
B
(a+1)=0

SHOCKED
g g
&
green + red green + red
mi_tl = green mi_tl = green
il_tl = green |ARI| il_tl = green |??
= =
(0+1)=0 1-0




Discharging POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vec=0

mi_tl e COLOUR

il-tte COLOUR
mi_tl=green=a+b<dac=0
il_tI=green=b>0na=0
il_tl = green

.
ml_tl=green=a+(b-1)<da(c+1)=0

MON

green + red
mi_tl=green=a+b<dac=0
il_tl = green

.
mi_tl=green=a+(b-1)<da(c+1)=0

IL_out/inv2_3/INV

IMP_R

green + red green + red
mi_tl=green=a+b<dac=0 a+b<dac=0

il_tl = green IMP L il_tl = green AND L
mi_tl = green ml_tl = green

= =

a+(b-1)<da(c+1)=0 a+(b-1)<da(c+1)=0

First Attempt

H+P Hr Q H,P,Q+ R
ANDR jl————— ANDL
H+- PAQ H: PAQ+ R
HP,Q+ R H P+ Q
IMP_L IMP_R
HP,P=Q + R Hr P=>Q
green + red
a+b<d
c=0 a+b<d
il tl=green  |MON| + ARI SHOCKED
green + red mi_tl = green a+(b-1)<d
a+b<d [
c=0 a+(b-1)<d % Q
il_tl = green AND R
mi_tl = green green + red
- a+b<d green + red green + red
a+(b-1)<da(c+1)=0 c=0 EQLR il tl = green il _tl = green <
iltl = green ~~ | mi_tl = green | ARI| mi_tl = green | ??
MON
mi_tl = green - -
= 0+1)=0 1=0
(c+1)=0




Understanding the Failed Proof on INV

I IL_out/inv2_3/INV I _

IL_out
when

deN

d>0

COLOUR = {green, red}
green + red

il tl = green
then

b:=b-1

c:=c+1

neN
n<d
aeN
beN
ceN

end

a+b+c=n
a=0vec=0

variables: ML _out
ab,c when
mi_tl
it ml_tl = green
- then
invariants: a:=a+1
inv2.1: ml_tl e COLOUR end
inv22: jl_t'e COLOUR
inv23: ml tl=agreen=a+b<drc=0
inv24: il t/=green=b>0Ala=0

e red

i_tl = green ( init

mi_tl = green e
b =0
c'=0

il_tl" = red

)

mi_t =red  mlr

por

ML_tl_green
e e

d
a =
b =
c =
1 =

il_tl'

2

0

0

0
green

red

)

mi_tle COLOUR
il te COLOUR

il-tl=green=b>0na=
il_tl = green
=

mi_tl=green=a+b<dac=0

0

ml_tl = green=a+(b-1)<da(c+1)=0

Fixed

ML_out/ inv2_4:INY |

deN

d>0

COLOUR = {green, red}
green + red

neN
n<d
aeN
beN
ceN

a+b+c=n

a=0vec=0

mi_tle COLOUR

il-tt e COLOUR
mi_tl=green=a+b<dac=0
il tl=green=b>0Aa=0
mi_tl = green

s
il_tl=green=b>0A(a+1)=0

MAINLAND

ISLAND

MAINLAND

a=2 d=2
a=1 a=0
b'=0 b’=1
=0 c'=0
mi_tl' = green  mi_tI' = green
iltl" = red iltl" = red

IL_tI_green
e

d 2

b’—1
LC =

(

mi_tl' = green

Lt = = green

‘,fn

il_tl" =

%n ;

’u(ILout , )

3 ’J

_2 wﬁﬂaJm/”

= green ml tf' = areen{p
green J/ t' = green L
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Fixing m2: Adding_an Invariant

The bridge is one-way or the other, not both at the same time.

inv2.3:

Abstract m1l :
variables: a,b,c ML _out IL_out E
when when .
invariants: a+b<d bi g .
invi1:a¢N c=0 ha— .
invi2:beN then iy .
invi3:ceN 2:=a+1 o=b=1 ¢
invid: a+b+c=n end R=BErL o
invi5: a=0vc=0 end .
Concrete m2
variables: ML out IL_out
?ﬁlb}lc when Wh./e;;
: B il_tl = green
il ml_tl = green then
then bi=b-1
invariants: a=a+1 c:=c+1
inv2.1: mi_tle COLOUR end end
inv2.2: j/_tle COLOUR

mi_tl=green=a+b<dac=0
inv24: il tl=green=b>0na=0

Exercise: Specify IL_out/inv2_3/INV

ML_out/inv2_4/INV
axm0_1
axm0_2
axm2_1
axm2 2

ﬂ‘[;k ¢ inv0_1
207
v :’5 ot

inv0_2
invl 1
invl 2
invl_ 3
invi 4
invl 5
inv2 1
inv2 2

|
|
%beN
|
|

inv25: mi_tl=red v il_tl = red

{deN
a>0
COLOUR = {green, red}
green + red
neN
n<d
aeN

ceN
a+b+c=n
a=0vec=0
ml_tl e COLOUR
il_tt e COLOUR

mi_tl=green=a+b<dac=0

il tI=qgreen=>b>0Ara=0
ml_tl = red v il _tl = red

Concrete guards of ML_out

Concrete invariant inv2 4

with ML _out’s effect in the post-state

{ mi_tl = green

{ ilti-green=b>0n(a+1)=0




Dischara

deN

d>0
COLOUR = {green, red}
green + red —  c—
neN Z

n<d 0 L
aeN »~

beN (4
ceN

a+b+c=n

a=0vc=0 r Z o
ml_tle COLOUR > a (]
il tte COLOUR

mi_tl=green=a+b<dacy0

il tl=green=b>0ra=0 DA {Pﬂ M
mi_tl = red v il_tl = red fi Y (]

ml_tl = green
.
il tl=green=b>0A(a+1)=0

MON

i }élye A%M?}

mi_tl = red v il_tl = red

mi_tl = green

-
il-tl=green=b>0nA(a+1)=0

IMP R

green + red

b>0 H-Q+ P
=0 R ——
lanl,tl = green H P Q NOTJ.
mi_tl = red v il tl = red
il-tl = greenv 4 i& ) F
-

green # red [b>0 |
b>0

green + red green + red
il tl=green=b>0Aa=0 b>0na=0

mi_tl = green ml_tl = green ,5"772 e 3 H( F)7 E=-F + P(F)

l"nl,tiz red v il_tl = red IMP_L l:rll,ti: red viltl= red |AND_L e s U e | EQ_LR

il tl = green il tl = green il.tl= green green * red - H( E) E-F P(E)

[ - - b>0 green # re =

b>0A(a+1)=0 b>0A(a+1)=0 5 a-0 mi_tl = green ’
bEOR (B mlt = green LR, | mi_ti=redv il-ti=red | , MMmitl=redv il.ti= red

mi_tl = red v il-tl = red il tl = green il tl = green

il_tl = green - -

- (©0+1)=0 1-0 H,P+ R HQ+R

(a+1)=0 ORLL

HPvQ+ R




Dischara

ing POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green # red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tl e COLOUR

il e COLOUR
mi_tl=green=a+b<dac=0
il-t=green=b>0Ara=0
mi_tl = red v il tl = red

il_tl = green

-
mil_tl=green=a+(b-1)<da(c+1)=0

= green
=red vil_tl = red

MON

green # red
mi_tl=green=>a+b<dac=0
mi_tl = red v il-tl = red

il_tl = green

i

mi_tl=green=a+(b-1)<da(c+1)=0

IMP R

ASSignment

IL_out/inv2_3/INV

green = red
mi_tl=green=a+b<dnac=0
il -t = green

mi_tl = red v il_tl = red

mi_tl = green

E
a+(b-1)<da(c+1)=0

IMP_L

green = red

a+b<d

c=0

il tl = green

mi_tl = red v il tl = red
mi_tl = green

green + red
a+b<dac=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

=
a+(b-1)<da(c+1)=0 ;+(b_1)<dA(c+1)=o

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

v
a+(b-1)<d

a+b<d

i
a+(b-1)<d

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

.
(c+1)=0

green # red
il-tl = green

mi_tl = green
-
0+1)=0

mi_tl = red v il_tl = red Al

=
il-tl = green

mi_tl = red v il_tl = red|
mi_tl = green

H-Q+ P
——  NOTLL

H,-P + Q

H(F),E=F ~ P(F)
EQLR

H(E),E:F)— P(E)

HP+R HQ+R

OR.L

HPvQ+R




